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We study the Lagrangian dynamics of semi-flexible macromolecules in laminar as well as in homo-
geneous and isotropic turbulent flows by means of analytically solvable stochastic models and direct
numerical simulations. The statistics of the bending angle is qualitatively different in laminar and
turbulent flows and exhibits a strong dependence on the topology of the velocity field. In particular,
in two-dimensional turbulence, particles are either found in a fully extended or in a fully folded
configuration; in three dimensions, the predominant configuration is the fully extended one.
PACS numbers: 47.27.T–, 47.27.Gs, 47.57.E–, 83.10.Mj
The study of hydrodynamic turbulence and of turbu-
lent transport has received considerable impulse from the
development of experimental, theoretical, and numerical
Lagrangian techniques [1–4]. The translational dynam-
ics of tracer and inertial particles is indeed related to
the mixing properties of turbulent flows [5] and has ap-
plications in geophysics (atmospheric pollution, rain for-
mation) [6], astrophysics (dynamo effect, planet forma-
tion) [7, 8], and chemical engineering [9]. Over the last
decade, attention has extended to the Lagrangian dy-
namics of particles possessing additional degrees of free-
dom, such as elastic polymers and nonspherical solid par-
ticles (see, e.g., Refs. [10, 11] and references therein). In
particular, the examination of the extensional dynam-
ics of polymers has provided information on the coil-
stretch transition and on turbulent drag reduction [12];
recent studies of the dynamics of non-spherical particles
in isotropic turbulence have investigated the alignment
and rotation statistics of such particles [13–17]. In this
Letter, we consider particles that possess yet another
degree of freedom, namely semi-flexible macromolecules
that can bend under the action of a non-uniform veloc-
ity field. We model a semi-flexible macromolecule as a
trumbbell, i.e., as three beads connected by two rigid
links [18]; the stiffness of the trumbbell is controlled
by an elastic hinge, which prevents the particle from
bending. The trumbbell model (also known as trimer
or three-bead-two-rod model) qualitatively captures the
viscoelastic properties of suspensions of segmentally flex-
ible macromolecules [18–24]. This model also plays an
important role in statistical mechanics as the prototypi-
cal system for showing that the infinite-stiffness limit of
elastic bonds is singular [18, 25–28]. Moreover, an active
variant of the trumbbell model, the trumbbell swimmer,
describes the swimming motion of certain biological mi-
croorganisms [29, 30] (see also Ref. [31]). We study the
bending dynamics of trumbbells, in both laminar and
fully turbulent flows, via analytical calculations and de-
tailed numerical simulations, and show that the statistics
of the bending angle depends strongly on the topology of
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FIG. 1. (color online) The trumbbell model.
the flow. In particular, in a two-dimensional (2D) ho-
mogeneous and isotropic, incompressible turbulent flow,
the configurations in which the rods are parallel or an-
tiparallel are the most probable ones; as the amplitude
of the velocity gradient increases, these probabilities be-
come sharper, with the parallel configuration becoming
the most likely for very strong turbulence. By contrast,
in three dimensions, the antiparallel configuration always
is the most probable one.
A trumbbell consists of three spherical beads joined by
two inertialess rigid rods of equal length ` immersed in a
Newtonian fluid (Fig. 1) [18, 19]. The drag force acting
on each of the beads is given by the Stokes law with a
drag coefficient ζ. An elastic hinge at the middle of the
trumbbell models the action of the entropic forces which
prevent the trumbbell from bending; the force exerted
by the elastic hinge is described by a harmonic potential.
The maximum end-to-end extension of the trumbbell, 2`,
is sufficiently small for (a) it to experience Brownian fluc-
tuations and (b) the velocity gradient ∇u to be spatially
uniform across the trumbbell. The inertia of the beads
and the hydrodynamic interactions between them are dis-
regarded. Furthermore, the suspension is assumed to be
sufficiently dilute; hence, particle-particle hydrodynamic
interactions are negligible.
The positions of the beads are denoted as xi, i = 1, 2, 3.
Under the above assumptions, the position of the center
of mass, xc ≡ (x1 + x2 + x3)/3, evolves like that of a
tracer, i.e., x˙c(t) = u(xc(t), t). The separation vectors
between the beads and the center of mass are defined as
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2rν ≡ xν − xc with ν = 1, 2, 3. However, the configura-
tion of the trumbbell in the reference frame of the center
of mass is more conveniently described in terms of a re-
duced set of 2(d−1) angular coordinates q, where d is the
dimension of the fluid [19]. For d = 2, q = (θ, χ) where
0 6 θ < 2pi gives the orientation of the vector x3 − x2
with respect to a fixed frame of reference and 0 6 χ < pi
is the internal angle between x1−x2 and x3−x2 (Fig. 1).
By letting χ vary between 0 and pi only, we do not distin-
guish between the two configurations that are obtained
by exchanging x1 and x3. The separation vectors rν are
expressed in terms of θ and χ as follows:
r1 =
`
3 (2 cos(θ + χ)− cos(θ), 2 sin(θ + χ)− sin(θ)) ,
r2 = − `3 (cos(θ + χ) + cos(θ), sin(θ + χ) + sin(θ)) ,
r3 =
`
3 (2 cos(θ)− cos(θ + χ), 2 sin(θ)− sin(θ + χ)) .
(1)
For d = 3, q = (α, β, γ, χ) where 0 6 χ < pi is once
again the internal angle between the two rods (Fig. 1)
and 0 6 α, γ < 2pi, 0 6 β < pi are the Euler angles that
specify the absolute orientation of the orthogonal triad
(x3−x1)∧ (x2−xc), x3−x1, x2−xc with respect to a
fixed coordinate system (for the relation between rν and
q in three dimensions, see Refs. [18, 19]).
The statistics of the configuration of the trumbell is
specified by the distribution function ψ(q; t), which is
such that ψ(q; t)Jdq is the probability that, at time t,
the angular variables describing the configuration lie in
the range q to q + dq. Here, J is the Jacobian of the
transformation from the coordinates rν to the coordi-
nates q: J = 1 for d = 2 and J = sinχ sinβ for d = 3.
Furthermore, ψ(q; t) is normalized as
∫
ψ(q; t)Jdq = 1.
For a deterministic flow, ψ(q; t) satisfies the following
convection-diffusion equation [19] (summation over re-
peated indices is understood throughout this Letter):
∂ψ
∂t
= − 1
J
∂
∂qi
{
JGij
[(
κkl(t)rlν
∂rkν
∂qj
− 1
ζ
∂φ
∂qj
)
ψ
− KT
ζ
√
h
∂
∂qj
(
Jψ√
h
)]}
, (2)
where κij(t) = ∂jui(t) is the velocity gradient evaluated
at xc(t), K is the Boltzmann constant, T is temperature,
φ = µ(χ − pi)2/2 is the bending potential, G = H−1
with Hij = ∂rkν∂qi ∂r
k
ν
∂qj , and h = det(H). As q are angular
variables, ψ(q; t) satisfies periodic boundary conditions.
In the absence of flow (κ = 0) and of bending poten-
tial (µ = 0), the stationary form of ψ(q; t) is ψst(χ) =
Nψ0(χ) with ψ0(χ) =
√
4− cos2 χ [18] (throughout this
Letter, N denotes a normalization constant). Thus, the
most probable configuration is that with the rods being
perpendicular (χ = pi/2); the parallel (χ = 0) and an-
tiparallel (χ = pi) configurations are equally probable,
but their probability is about 15% smaller. The bend-
ing potential breaks the aforementioned symmetry. For
µ 6= 0, ψst(χ) = Nψ0(χ) exp
[−Z(pi − χ)2/2] [18], where
Z ≡ µ/KT is a stiffness parameter and determines the
equilibrium configuration of the trumbbell. Thus, the
probability of the χ = pi configuration increases as Z in-
creases. Finally, when the trumbbell is immersed in a
non-uniform flow (κ(t) 6= 0) its dynamics results from
the interplay between the restoring action of the elastic
hinge and the deformation by the flow.
We first examine the effect of pure stretching on the
statistics of the bending angle. Consider a 2D hyperbolic
velocity field u(x, y) = σ(x,−y). This flow is potential,
i.e., κ = κT. Therefore, the stationary solution of Eq. (2)
takes the form: ψst(θ, χ) = N
√
h exp[(Φ−φ)/KT ], where
Φ = (ζ/2)
∑
ν κ
ijriνr
j
ν [18, 32]. The function ψst is shown
in Fig. 2(a) for representative values of the parameters.
Since ψst depends on both χ and θ, the statistics of the
bending angle varies according to the orientation of the
trumbbell with respect to the stretching direction of the
flow. However, the average effect of the hyperbolic flow
can be understood by considering the marginal distri-
bution ψ̂st(χ) ≡
∫ 2pi
0
ψst(θ, χ)dθ, which can be written
explictly as follows:
ψ̂st(χ) = Nψ0(χ) exp
[−Z2 (pi − χ)2] I0 (Z(1−2 cosχ)Wi3 ) ,
(3)
where I0 is the modified Bessel function of the first kind
of order 0 and Wi = στ (here τ = ζ`2/µ is the char-
acteristic time scale of the bending potential) [33]. The
Weissenberg number Wi measures the relative strength
of the flow and of the bending potential. Since the func-
tion I0(z) is even, decreases with z for z < 0 and in-
creases for z > 0, on average the hyperbolic flow favors
the χ = pi configuration. Hence it strengthens the action
of the entropic forces and this effect becomes stronger
as Wi increases (Fig. 2(b)). An analogous analysis for
a three-dimensional (3D) incompressible hyperbolic flow
shows that the stationary statistics of χ exhibits similar
properties in two and in three dimensions.
In a hyperbolic flow, a trumbbell is subject only to
pure stretching. However, most practical flows have a
rotational component as well. A purely rotational planar
flow, u(x, y) = σ(y,−x), has no effect on the stationary
statistics of χ. Indeed, for this flow, the convective term
in Eq. (2) has zero χ-component, and hence ψ(θ, χ; t) con-
verges in time to the stationary solution of the Wi = 0
case. However, the combined effect of stretching and ro-
tation can influence the bending dynamics. To illustrate
this fact, we consider a simple shear u(x, y) = σ(y, 0),
which is the superposition of a purely extensional com-
ponent and of a purely rotational component with equal
magnitudes. If the flow is not potential, no general ana-
lytical expression is available for ψst(θ, χ). Thus we com-
pute ψ̂st(χ) from a Monte Carlo numerical simulation of
Eq. (2). Figure 2(c) shows that the χ = pi configuration
is the most probable one for all the values of Wi con-
sidered. As Wi increases, the interplay between rotation
and stretching increases the probability of the small-χ
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FIG. 2. (color online) 2D hyperbolic flow : (a) surface plot of ψst(θ, χ) for Z = 1 and Wi = 2. For Z = 1 and Wi = 0,
〈χ〉 ≈ 2.32, slightly less than 3pi/4; (b) Marginal distribution of χ for Z = 1 and Wi = 0 (black), Wi = 10 (red), Wi = 50
(blue), Wi = 100 (green). The inset shows the average of χ vs. Wi for Z = 1. (c) Marginal distribution of χ for Z = 1 and
Wi = 0 (black), Wi = 10 (red), Wi = 50 (blue), Wi = 100 (green) for a 2D simple shear flow.
configurations, unlike the purely extensional flow where
it is negligible. However, for a given Wi, the ability of
the shear flow to bend a trumbbell is less than that of an
hyperbolic flow with comparable Wi.
In a random or turbulent flow, the extensional and
rotational components of the velocity gradient fluctuate
in time and in space. The above analysis suggests that
the combination of these two components may gener-
ate a complex bending dynamics. In order to examine
this point analytically, we consider the Kraichnan ran-
dom flow [34] in the Batchelor regime (see also Ref. [1]).
The velocity gradient κ(t) is a delta-correlated-in-time
(d×d)-dimensional Gaussian stochastic process with zero
mean and correlation: 〈κij(t)κkl(t′)〉 = Kijklδ(t − t′),
where Kijkl = 2λ[(d+1)δikδjl−δijδkl−δilδjk]/[d(d−1)]
and λ is the maximum Lyapunov exponent of the flow.
The form of the tensor K ensures that the flow is in-
compressible and statistically isotropic. Although the
assumption of temporal decorrelation is unrealistic, the
study of this flow has contributed in a substantial way
to the understanding of turbulent transport (e.g., of pas-
sive scalars, magnetic fields, and elastic polymers), be-
cause it allows an analytical approach to this problem [1].
We denote by P (q; t) the distribution of the configura-
tion of the trumbbell with respect to the realizations of
both κ(t) and thermal noise; P (q; t) is normalized as∫
P (q; t)Jdq = 1. A Gaussian integration by part of
Eq. (2) (e.g., Ref. [35]) yields the following equation for
P (q; t):
∂P
∂t
=
∂
∂qi
{
1
2
KklmnGijrlν
∂rkν
∂qj
∂
∂qa
(
Gabrnρ
∂rmρ
∂qb
P
)
+
Gij
ζ
[
∂φ
∂qj
P +KT
√
h
∂
∂qj
(
P√
h
)]}
, (4)
which must be solved with periodic boundary conditions.
Let us first consider the 2D case. When q = (θ, χ),
J = 1, and the corresponding G are substituted into
Eq. (4), we can rewrite Eq. (4) as a Fokker-Planck equa-
tion (FPE) in the two variables θ and χ. The drift and
diffusion coefficients, however, do not depend on θ as a
consequence of the statistical isotropy of the flow. Hence
the stationary distribution of the configuration is a func-
tion of χ alone and is the stationary solution of the fol-
lowing FPE in one variable:
∂sP = −∂χ(VχP ) + 12∂2χχ(DχχP ), (5)
where s = t/τ ,
Vχ(χ) =
12 sinχ
Z (2− cosχ) (2 + cosχ)2 +
6 (pi − χ)
(2 + cosχ)
+
2Wi
sinχ[5 + cosχ− 11 cos(2χ)− cos(3χ)]
(2− cosχ) (2 + cosχ)3 , (6)
and
Dχχ(χ) =
12
Z (2 + cosχ)
+ Wi
16 sin2 χ
(2 + cosχ)
2 . (7)
In a random flow, the time scale associated with stretch-
ing is given by λ; accordingly, in Eqs. (6) and (7)
Wi = λτ . The stationary solution of Eq. (5) that sat-
isfies periodic boundary conditions is [36]:
Pst(χ) =
N
Dχχ(χ)
exp
(
2
∫ χ
0
Vχ(η)
Dχχ(η)
dη
)
. (8)
The function Pst(χ) is plotted in Fig. 3(a) for different
values of Wi. For small Wi, the most probable configu-
ration is the antiparallel one, as in the hyperbolic flow.
However, as Wi increases, a second peak emerges near
χ = 0, while intermediate values of χ become less and
less probable. At large Wi, Pst(χ) consists of two narrow
peaks, one at χ = pi and the other approaching χ = 0,
with the latter becoming more and more pronounced as
Wi increases (Fig. 3(a)).
It is important to ask if the results above carry over to
the 3D Batchelor-Kraichnan flow. In three dimensions,
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FIG. 3. (color online) Stationary distribution function of χ
for the Batchelor-Kraichnan flow with Z = 1 and Wi = 0
(black), Wi = 10 (red), Wi = 50 (blue), Wi = 100 (green),
and Wi = 150 (magenta) in (a) two and (b) three dimensions.
The inset in (a) shows the values of Pst(χ) at χ = 0 (dashed
line) and χ = pi (solid line) as a function of Wi.
Eq. (4) can be rewritten as a FPE in the four variables
α, β, γ, χ. As a consequence of the statistical isotropy of
the flow, the stationary distribution of the configuration,
Pst(q), depends only on χ. In particular, Pst(χ) sinχ is
again the stationary solution of a FPE in one variable.
Figure 3(b) shows Pst(χ) for different values of Wi. A
small peak at χ = 0 emerges only for very large values
of Wi; the χ = pi configuration prevails for all values of
Wi (Fig. 3(b)). Thus, the statistics of χ is different in
two and three dimensions. In particular, for d = 3, the
behavior of the distribution of χ is qualitatively similar
to that in the purely extensional flow.
Are the results obtained so far for model flows valid
in realistic, turbulent flows? To ensure that the qual-
itative properties of the statistics of χ do not depend
on the Gaussianity and temporal decorrelation of the
Batchelor-Kraichnan flow, we perform a Lagrangian di-
rect numerical simulation of the trumbbell model in a
2D, incompressible turbulent flow. Our direct numeri-
cal simulation of the forced (at large scale) incompress-
ible, 2D Navier-Stokes equation uses a pseudospectral
method [37] and a second-order, exponential Runge-
Kutta scheme [38], with 10242 collocation points and the
2/3 dealiasing rule on a 2pi-periodic square domain. We
present representative results from a simulation where
the choice of the forcing amplitude, the coefficient of
the Ekman friction, and the kinematic viscosity yield a
Taylor-microscale Reynolds number Reλ ≈ 827, in the
non-equilibrium, statistically steady state; we have done
several other simulations with different Reλ and forcing
scales which yield results consistent with the ones pre-
sented here. This flow is seeded with 103 independently
evolving trumbbells each of whose center of mass evolves
as a Lagrangian tracer particle; the velocity at xc, is
evaluated from the Eulerian velocity by using a bilinear-
interpolation scheme [39]. The Lagrangian evolution of
the configuration of the trumbbell is once again com-
puted from a Monte Carlo simulation of Eq. (2). We
(a)
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææææææææææææææææææææææææææ
ææ
æ
æ
æ
æ
æ
æ
æææææææ
ææææ
æææ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
æææ
ææææææ
æææ
æææ
æææ
æææ
ææ æ
æææææ
æææææ
æææ
ææ
ææ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æææ
æ
æ
æ
æææ
æææææææ
ææææææææææææææææææ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æææææ æ
æ
æ
æ
æ
æ
æ
æ
0 Π4 Π2 3Π4 Π0.0
0.4
0.8
1.2
1.6
2.0
Χ
P
st
HΧL
(b)
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
ææ
æ
æ
æ
ææ
ææ
æ
ææ
ææ
ææ
ææææææææææ
æææææ
æ
æ
æ
æææææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
ææ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æææ
æ
ææ
ææ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
ææ
æ
æ
æ
æ
æ
ææ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æææ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
Χ
st
d
.
-20 -10 0 10 20
100
10-2
10-4
10-6
10-8
Χ
.Χ.std
P
st
HΧ. 
Χ.
st
d
L
æ
æ
æ
æ
ææ
101 102 103
101
102
Wi
FIG. 4. (color online) 2D homogeneous, isotropic, turbulence:
(a) distribution of χ for Z = 1 and Wi ≈ 3 (black), Wi ≈
167 (red), Wi ≈ 103 (blue), Wi ≈ 3.3 × 103 (green), Wi ≈
6.6 × 103 (magenta) and (b) distribution of χ˙/χ˙std for Z =
1 for different values of Wi [same as in panel (a)] and the
dependence of χ˙std on Wi.
define the Weissenberg number as Wi = τ/τmin, where
τmin is the smallest time scale associated with the di-
rect cascade of enstrophy and is estimated as the mini-
mum value of (
√
k3E(k))−1 [40] (here E(k) denotes the
isotropic kinetic-energy spectrum). Figure 4(a) shows the
distribution function of the internal angle χ; the statis-
tics of χ qualitatively agrees with that calculated for the
2D Batchelor-Kraichnan random flow. In particular, we
find that at small Wi, the antiparallel configuration is
favoured; with increasing Wi, the probability of being in
a parallel configuration increases significantly and even-
tually, at extremely large values of Wi, the distribution
function displays strong peaks at both χ ≈ 0 and χ ≈ pi.
We also calculate the distribution function of the rate of
change of the angle χ˙, normalised by its standard devia-
tion χ˙std, for various values of Wi. With increasing Wi
(Fig. 4(b)), the distribution function, which is symmet-
ric and peaked at χ˙ ≈ 0, develops exponential tails. The
standard deviation itself, χ˙std, is a decreasing function of
Wi (Fig. 4(b), inset).
In this Letter, by using analytical calculations and
numerical simulations, we have shown how the confor-
mation of semiflexible macromolecules, modelled via the
trumbbells, can change with Wi as well as the flow topol-
ogy. The statistics of the bending angle in turbulent
or random flows depends strongly on the space dimen-
sion and is qualitatively different from that observed in
simple laminar flows. This fact suggests that the rheol-
ogy of semiflexible macromolecules also exhibits a strong
dependence on the turbulent character of the flow and
on its spatial dimension. The recent advances in La-
grangian experimental techniques allow extensive labo-
ratory studies of the deformation of macromolecules in
turbulent flows [4, 12]. We hope our work would lead
to further experiments directed towards the study of the
Lagrangian dynamics of semi-flexible macromolecules in
turbulent flows and the non-Newtonian properties of tur-
bulent suspensions of such particles.
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